The quest for new functionalities in quantum materials has recently been extended to nonequilibrium states, which are interesting both because they exhibit new physical phenomena and because of their potential for high-speed device applications. Notable advances have been made in the creation of metastable phases 1-9 and in Floquet engineering under external periodic driving 10-12 . In the context of non-equilibrium superconductivity, examples have included the generation of transient superconductivity above the thermodynamic transition temperature [6] [7] [8] 13, 14 , the excitation of coherent Higgs mode oscillations 15-18 and the optical control of the interlayer phase in cuprates 19, 20 . Here, we propose theoretically a novel non-equilibrium phenomenon, through which a prompt quench from a metal to a transient superconducting state could induce large oscillations of the order parameter amplitude. We argue that this oscillating mode could act as a source of parametric amplification of the incident radiation. We report experimental results on optically driven K3C60 that are consistent with these predictions. The effect is found to disappear when the onset of the excitation becomes slower than the Higgs mode period, consistent with the theory proposed here. These results open new possibilities for the use of collective modes in many-body systems to induce non-linear optical effects.
The quest for new functionalities in quantum materials has recently been extended to nonequilibrium states, which are interesting both because they exhibit new physical phenomena and because of their potential for high-speed device applications. Notable advances have been made in the creation of metastable phases [1] [2] [3] [4] [5] [6] [7] [8] [9] and in Floquet engineering under external periodic driving [10] [11] [12] . In the context of non-equilibrium superconductivity, examples have included the generation of transient superconductivity above the thermodynamic transition temperature [6] [7] [8] 13, 14 , the excitation of coherent Higgs mode oscillations [15] [16] [17] [18] and the optical control of the interlayer phase in cuprates 19, 20 . Here, we propose theoretically a novel non-equilibrium phenomenon, through which a prompt quench from a metal to a transient superconducting state could induce large oscillations of the order parameter amplitude. We argue that this oscillating mode could act as a source of parametric amplification of the incident radiation. We report experimental results on optically driven K3C60 that are consistent with these predictions. The effect is found to disappear when the onset of the excitation becomes slower than the Higgs mode period, consistent with the theory proposed here. These results open new possibilities for the use of collective modes in many-body systems to induce non-linear optical effects.
I. INTRODUCTION
The Higgs mode is a fundamental collective excitation of systems with spontaneous symmetry breaking. It is a gapped excitation associated with oscillations of the amplitude of the order parameter. Examples of the Higgs mode in condensed matter are plentiful: it has been observed in the superconducting phase of NbSe 2 21-23 and of amorphous superconducting films 24 , in the dimerized antiferromagnet TlCuCl 3 25 , in a variety of incommensurate charge density wave (CDW) systems [26] [27] [28] , and in cold bosonic gases near the superfluid to Mott insulator transition 29, 30 .
In a number of experiments reported recently, superconductivity is created non-adiabatically after a rapid change in microscopic interactions, as induced by the application of a terahertz or mid-infrared (MIR) pump pulse [31] [32] [33] [34] . Although the dynamics of this process are not yet fully understood, we posit that the "Mexican hat" effective potential for the superconducting order parameter is established promptly after optical excitation, see Fig. 1(a) . The appearance of large Higgs oscillations is then a natural attribute of such photo-induced superconductivity if the quench is fast compared to the frequency of the Higgs mode ω H , see Fig. 1 (b) (the order parameter dynamics following a sudden quantum quench has been studied theoretically in a number of related contexts, see, e.g., Refs. [35] [36] [37] [38] .
for oscillations of long-lived phase fluctuations resulting in an enhanced reflectivity for a time-delayed probe pulse. This phenomenon can be qualitatively understood as a superconductor with an excited Higgs mode, which then places a parametric modulation on low-frequency phase modes. We predict that the reflected beam would then feature amplification of intensity at the original frequency ω 1 , as well as the generation of an idler signal at the complementary frequency ω H − ω 1 (see Fig. 1(c) ). We dub this phenomenon "Higgs amplification".
We also report experimental results on optically driven K 3 C 60 , which support these predictions. Using a pumpprobe technique, we illuminate our samples with a pump pulse at 41 THz, and a probe pulse spanning frequencies between 1 to 7 THz. Phase-resolved detection of the reflected signal allows us to reconstruct both the real and imaginary parts of the conductivity at the probe frequency. We find that when K 3 C 60 is driven with pump pulses of suitable duration, the incident probe light is locally amplified near the surface for frequencies below 10 meV/ . We analyze experimental results taking into account penetration depth mismatch between the pump and probe pulses. We observe an anomalous enhancement of the reflectance, which in an homogeneously excited medium would result in 6% amplification. For the penetration depth of the probe beam of 700 nm this corresponds to the amplification coefficient α ∼ 10 3 cm −1 . and experiment is given in Section V. Some implications of this work, and the outlook for further developments, are given in Section VI. Additional details of our analysis are given in three appendices.
II. FROM HIGGS OSCILLATIONS TO ANOMALOUS REFLECTION
The coupling between the Higgs mode and light can be understood by observing that in a general state with broken continuous symmetry, the Higgs mode can decay into a pair of Goldstone modes. For neutral superfluids, this process determines the lifetime of Higgs excitations 40 . In superconductors, the Goldstone mode describes phase fluctuations and therefore a charge current, which interacts directly with photons. Deep inside the material, these photons are gapped to the plasma frequency by the Anderson-Higgs mechanism, thus protecting the Higgs mode from decay. However, near the surface, a Higgs excitation can decay into a pair of gapless vacuum photons whose frequencies add up to ω H .
This corresponds to an effective term in the Hamiltonian
where h is a quantum field that annihilates a Higgs excitation and a ω annihilates a vacuum photon of frequency ω. Hence, the energy of the excited Higgs mode is converted into entangled photon pairs. In the absence of the probe pulse, all photon pairs are generated equally. However, the incoming probe enhances the generation of pairs in which one of the photons matches the incident photons because of the bosonic stimulation factor. One can understand the origin of the coupling in Eq. (1) from the following consideration. In superconductors, the diamagnetic coupling term between light and matter, H dia = e 2 2 2mc 2 n s A 2 , plays a key role, giving rise to the London equation for the current response to an electromagnetic field and to the Meissner effect. Here, n s is the superfluid density which, for a coherently excited Higgs mode, is expected to oscillate at the Higgs frequency, n s = n s,0 + δn cos(ω H t). In a quantized description of the electromagnetic field, the vector potential A is a linear combination of photon creation and annihilation operators, schematically of the form A ∼ ω (a ω + a † ω ). This implies that the diamagnetic term gives rise to the term (1), where h is a quantum analog of the oscillating part of the superfluid density δn. Interactions of this type are known to give rise to stimulated emission and parametric down conversion of light 41 . These considerations give rise to the following mechanism of Higgs amplification. Consider an incident probe pulse composed of N photons at frequency ω 1 < ω H as it is reflected from a superconductor. The term a † ω1 a † ω2
creates a pair of photons, leading to a state with N + 1 photons at ω 1 and one ω 2 = ω H −ω 1 photon, see Fig. 1 (c).
The amplitude of this process is enhanced by a Bose factor of √ N + 1. As long as the Higgs mode remains excited, this process leads to amplification of ω 1 photons and generation of ω 2 photons, until the Higgs mode is depleted. The net effect is outgoing light with two frequencies, ω 1 and ω 2 , related by ω 1 + ω 2 = ω H , and the outgoing light at ω 1 having a higher intensity than the incoming signal.
In typical superconductors, the Higgs frequency is smaller than the plasma frequency. Then, incident light with ω 1 < ω H does not penetrate deeply into the material, and Higgs amplification is a surface effect. In particular, due to the evanescent nature of the waves inside the material, there are no phase matching conditions in this process. This means that there isn't a discrete set of frequencies at which Higgs amplification is resonantly enhanced, and hence the level of amplification is expected to depend smoothly on the probe frequency ω 1 . The frequency scale for the Higgs mode is comparable to the superconducting gap. Hence, for many superconductors, Higgs amplification is expected to occur in the terahertz, a frequency range that is of great current interest for fundamental science and technology applications 42, 43 . The next section presents a calculation of Higgs amplification based on a semiclassical description of photons using Maxwell's equations. Our discussion is agnostic about the specific microscopic mechanism underlying light-induced superconductivity and, assuming that Higgs oscillations have been coherently excited, directly studies their effect on optical properties.
III. OPTICAL PROPERTIES OF A SUPERCONDUCTOR WITH AN EXCITED HIGGS MODE
The optical properties of a superconductor with an excited Higgs mode are understood as follows. Consider Maxwell's equations combined with the relation between the electrical current in the material and electric field:
Here is the dielectric constant arising from bound charges and j is the free current density. For z > 0, outside the superconductor, = out (in vacuum out = 1, but we allow for interfaces with other media) and we assume the current j vanishes; for z < 0, = s , and the current satisfies the London equation,
Here, v s = 2e ∇θ − A, where θ is the superconducting phase and A is the vector potential. Note that ∂ t v s = E.
In an equilibrium superconductor, Λ(t) reduces to the static value Λ s = e 2 ns m , where n s is the superfluid density. More generally, in a time-modulated superconductor, Eq. (4) describes accurately the total current induced by a vector potential A in the limit where A and Λ vary slowly compared to any microscopic frequencies such as the superconducting energy gap and the scattering rate 1/τ for electrons in the normal state. We use it here under the assumption that it is at least a good starting approximation for the frequencies of interest to us.
In general, the value of Λ will depend on the value of the superconducting energy gap. (Although the special case of an ideal clean superconductor at T = 0 is an exception to this rule, we expect that the gap dependence will be manifest in the systems of interest to us, due to polaronic effects and coupling to impurities. 44 ) Since the Higgs mode represents a modulation in the energy gap, we expect it to induce a similar modulation in Λ. Consequently, we may write
where Λ m describes the amplitude of the modulation, and ω H is the Higgs mode frequency. For a BCS superconductor, ω H = 2∆, where ∆ is the quasiparticle gap 22 .
Different frequencies mix due to the time dependence in Λ: incident light with frequency ω 1 will produce outgoing light with frequencies ω 1 and ω 2 = ω H − ω 1 , see Fig. 1(c) . Mixing of the Higgs modulation and the signal beam is also expected to induce light at the frequency ω 3 = ω 1 + ω H . We note, however, that the ω 3 frequency lies well above the quasiparticle threshold 2∆, and we expect that this channel of mode mixing will be suppressed relative to the channel at ω 2 . This can be understood by observing that at such high frequencies the current should be carried primarily by quasiparticles, rather than supercurrents, and one might expect the quasiparticle current to be less sensitive than the supercurrent to modulations of the superconducting amplitude. In the remainder of this paper, for the sake of simplicity, we assume that excitation of the ω 3 mode is negligible, and we omit it entirely from our considerations. Our results should be qualitatively applicable, however, as long as excitation of the ω 3 mode is substantially weaker than that of the ω 2 mode.
Prior to solving the reflection problem, it is useful to first consider the evanescent wave solutions inside the superconductor. To simplify our discussion, we assume here that Λ m is spatially uniform inside the superconductor. Non-uniformities in Λ m due to the short penetration depth of the exciting radiation will be taken into account in the processing of the experimental data, as detailed in Appendix A. For the case of uniform Λ m , the evanescent solutions are characterized by the spacetime dependence (V stands for j, v s , E, or B),
Note that the same spatial dependence appears for ω 1 and −ω 2 terms, since they mix with each other homogeneously in space. This should be contrasted with the static case, where each frequency mode decays with its own κ. Substituting Eq. (6) into Eq. (4) and collecting terms with frequencies ω 1 and −ω 2 yields,
For linearly polarized light, E ν = E νêx , B ν = B νêy , and j ν = j νêx , where ν ∈ {1, 2}. Then, Eq. (3) yields
Here, Υ ≡ Λ m /ε 0 , 1 ≡ (ω 1 ), and 2 ≡ (−ω 2 ), where
is the dielectric function of the superconductor [Note that, by changing the form of (ω), one can generalize the discussion, e.g., to introduce dissipation]. The allowed values of κ are obtained by requiring the determinant of the above matrix to vanish,
and the fields inside the superconductor satisfy,
where the superscript t indicates that these act as transmitted fields in the reflection problem. Next, we consider a normally-incident signal beam of frequency ω 1 , and reflected beams at frequencies ω 1 and ω 2 , with
where ν ∈ {1, 2}. The fields are linearly polarized as before, E ν = E νêx , B ν = B νêy , and Maxwell's equations constrain them to satisfy E
Within the superconductor, the transmitted fields are superpositions of two evanescent waves of the form (6) with κ = κ ± , whose amplitudes are fixed by boundary conditions imposed independently on each frequency:
Combining these with Eqs. (11), (12) , and (13) yields
where
Eqs. (20) and (21) are the main theoretical results of this paper: r is the reflection amplitude of the signal beam, whereas r 12 is the amplitude of the emitted idler mode at the down-converted frequency ω 2 = ω H − ω 1 , normalized by the amplitude of the incident signal beam. Figure 2 shows R = |r| 2 and R 12 = |r 12 | 2 as a function of ω 1 , in the case ω H < ω ps , where ω ps = Λ s /(ε 0 s ) is the superconducting plasma frequency of the material. Note that, in the absence of dissipation, there is amplification R > 1 over the entire range 0 < ω 1 < ω H , and the maximum amplification occurs at ω 1 = ω H /2. One can study the effect of dissipation by writing (ω) = The green curves, corresponding to ωH = 0.8ωps, illustrate the effects of dissipation, taken into account by assuming (ω) = s − σ(ω)/(iε0ω) with σ(ω) = σr + iΛs/(ω + i0 + ), where σr is a real constant; the blue and orange curves include no dissipation, σr = 0. Results are for the model in which Λm is uniform in space.
s − σ(ω)/(iε 0 ω) in Eqs. (20) and (21) and adding a real part to the conductivity function σ(ω). This suppresses the reflectivity and also reduces the frequency ω 1 at which the maximum occurs, as shown in Fig. 2(a) .
Note that the net amplification in Fig. 2 is small, of the order of a few percent. In order to understand this, focus on ω 1 = ω 2 = ω H /2, where the maximum is obtained, with value
Λ s and Λ m Λ s , this can be expanded to obtain
The factor |Λ m | 2 /Λ The factor out ω 2 H /(4 s ω 2 ps ) is the square of the London penetration depth divided by the wavelength of the incident light; it expresses the fact that amplification is weak if the light cannot probe deeply into the superconductor. This suggests that, in order to enhance the amplification, one could consider instances in which the light can probe a larger region of the superconductor prior to being reflected. Two possible approaches to achieve this come to mind: First, by using incoming light with a shallow incidence angle to the sample, thus introducing geometrical factors which enhance the effect; second, by studying systems in which the Higgs frequency exceeds the plasma frequency. These possibilities will be discussed elsewhere 45 . Note that, in a realistic superconductor, the penetration of light is controlled by the total plasma frequency ω p , which receives contributions from all charge carriers, not just the superconducting ones. It is this total plasma frequency that presumably controls the strength of the Higgs amplification in Eq. (24).
In the next section, we will present experimental evidence for Higgs amplification in the superconductor K 3 C 60 . This is a natural candidate system for Higgs amplification. In this material, the low density of electrons (three per C 60 molecule) and the weak hopping between C 60 molecules conspire to yield an anomalously small plasma frequency ω p = 72meV/ . Optical excitation at mid-infrared wavelengths has been shown to transform the high-temperature (T T c ) metallic phase of K 3 C 60 into a transient non-equilibrium state with the same optical properties as the low temperature superconductor (T < T c ). The transient state, which is thought to be a photoinduced non-equilibrium superconductor, displays a saturated reflectivity (R = 1), a gap in the real part of the optical conductivity σ 1 and a divergent lowfrequency imaginary conductivity σ 2 7 . In order to estimate the zero-temperature gap, 2∆, at the light-induced state, we use the onset temperature for light-induced superconductivity, T light−induced ≈ 100 K, which yields 2∆ ≈ 30 meV 7 . This gives an estimate for ω H , which is expected to be reduced from this value at non-zero temperature (in the fit to our theory, we find ω H is of the order of 24 meV/ , see Sec. V). Hence, K 3 C 60 combines a relatively large value of ω H /ω p , as necessary to enhance the reflectance in Eq. (24), together with the possibility for rapid quenches into the superconducting state by pump pulses, as needed to induce large Higgs oscillations. In particular, by modifying the type of quench protocol used, one may control the amplitude of Higgs oscillations.
The Higgs mode should be rather insensitive to the lack of long-range phase coherence, which is expected not to exceed a few coherence lengths in the photoinduced superconducting state. Hence, we expect the mechanism of Higgs amplification to occur in this case, despite the lack of global phase coherence.
IV. EXPERIMENTAL RESULTS
We follow the same protocol described in Ref. 7, 8 , to photo-induce the transient optical properties of a nonequilibrium superconductor in K 3 C 60 but using shorter and more intense pulses. To test the hypotheses discussed in the theory section above, we additionally analyzed conditions in which the quench was made slower with respect to the Higgs mode frequency of the photo-induced state. The pump pulse FWHM duration τ was tuned to different values between 100 fs and 1.8 ps. This range of pulse durations is interesting because it crosses a characteristic time scale τ * = h/(24 meV) ∼ 172 fs, which corresponds to the period of the amplitude (Higgs) mode in the photo-induced superconductor. Note that in our experimental geometry the idler mode is not detected. In future studies, this mode could provide a measurement of the Higgs frequency and would allow for distinguishing Higgs amplification from other types of parametric amplification 46, 47 . In the excitation regime explored in this experiment, when the pump pulse is significantly longer than τ * , the transient state displays a reflection coefficient at the surface that is saturated at R = 1 for all frequencies below ∼10meV. By reconstructing the complex optical conductivity with the same procedure used previously 8 , we extracted a gapped real optical conductivity σ 1 at all frequencies ω < 10 meV and a divergent low-frequency imaginary conductivity σ 2 , indicative of a light-induced superconducting state. Our experiment reveals that as the pulse duration is made progressively shorter than τ * , the transient state acquires a reflection coefficient that is larger than R = 1 immediately after the pump, indicative of optical amplification through the non-adiabatic creation of a superconducting state. The real part of the optical conductivity σ 1 is negative at all frequencies ω < 10 meV while its imaginary part σ 2 remains divergent. Conceptually, the observed dependence on the pulse duration can be understood from the following consideration. Although the underlying mechanism of photo-induced superconductivity is still the subject of debate, we assume as a first approximation that the "effective" final state Hamiltonian experienced by the lowenergy electrons depends only on the total pulse energy, and not its duration (later, we will show evidence that the shorter pulses actually do drive the superconductivity more strongly and induce a slightly larger superfluid density, although this is a weak effect). We furthermore assume that the superconducting state lasts longer than the probe sequence. Hence qualitatively we assume that by controlling the pump pulse duration we preserve the final effective Hamiltonian for electrons but change the rate at which the microscopic parameters are modified. In the case of a superconductor we expect that the Higgsamplitude mode gets strongly excited when the interaction strength is modified on a time scale shorter than τ * = h/2∆. K 3 C 60 polycrystalline powders were excited at normal incidence with 170 meV linearly-polarized mid-infrared pulses. Their duration was tuned from 100 fs to 1.8 ps by chirping them through linear propagation in transparent and highly dispersive CaF 2 rods. For all pulse durations, the pulse energy and the number of incident photons were maintained constant. The transient low-frequency optical properties of photo-excited K 3 C 60 were retrieved as a function of pump-probe delay using transient terahertz time-domain spectroscopy using THz pulses with a bandwidth that ranged from 1 to 7 THz. These probe pulses were made to strike the sample at near normal incidence, with a 7
• incidence angle (see Figure 3) , and they were p-polarized, that is, with the electric field perpendicular to that of the MIR pump pulses. The measurement of the electric field reflected from the sample yielded a phase-resolved measurement of the reflection coefficient and through it the complex optical properties. The penetration depth of the mid-infrared pump (200nm) was shorter than that of the THz probe (600-900nm). To account for this, the data was analyzed as discussed in Appendix A in order to obtain the reflectivity corresponding to an effective semi-infinite and homogeneously pumped medium.
Figures 4(a) and 4(b) compare the transient optical properties of K 3 C 60 upon photoexcitation with intense mid-infrared pulses of 1.8 ps and 100fs duration, respectively. The red curves report the optical properties of the equilibrium metallic state, whilst the light-blue dots represent those of the transient state, measured at the peak of the response. For longer excitation pulses [1.8 ps, Fig. 4(a) ] the transient optical properties resemble those of the equilibrium superconductor with a reflectivity saturated at R = 1, a gapped real conductivity (σ 1 ≈ 0) and a divergent imaginary conductivity for all frequencies below ∼10meV. For τ = 100fs [ Fig. 4(b) ] we find that below ∼10 meV, the reflectivity becomes larger than R = 1, reaching an average value in the gapped region of ∼ 1.04, with a maximum of ∼ 1.06. The extracted real part of the optical conductivity is correspondingly negative, indicative of negative dissipation. These two observations suggest amplification of the incoming low frequency THz probe light. Importantly, the imaginary part of the optical conductivity maintained a 1/ω behavior below ∼ 10meV, indicating the superconducting nature of the transient state.
The evolution of the optical properties for pump pulses either shorter or longer than τ * can be captured by the average value of the reflectivity in the 5-8meV-frequency range and the superfluid density extracted by a 1/ω fit to the imaginary part of the optical conductivity at low frequencies. Figure 5(a) and 5(b) show the evolution of these two quantities as a function of the duration of the excitation pulse (Fig. 5(b) ). The average reflectivity in the gapped region decreases from ∼ 1.04 to ∼ 1, as the pump pulse duration varies from 100 fs to 1.8 ps. The blue shaded area in the top panel highlights the regime where light amplification is observed. At the same time, the superfluid density of the photoinduced superconductor does not appear to strongly depend on the pulse duration of the excitation pulse.
V. COMPARISON OF THEORY AND EXPERIMENT
The experimental data does not give a direct measurement of the Higgs frequency -in the light-induced superconducting state, the gap measured in σ 1 (ω) coincides with the lower edge of the mid-infrared absorption peak of K 3 C 60 , suggesting that the superconducting gap 2∆ is hidden under the spectral weight of this broad peak. However, there are two independent observations that give consistent estimates for ω H . First, as argued earlier, the maximum of light amplification occurs slightly below ω H /2. The reflectivity measured with the shortest excitation pulse (τ = 100 fs) shown in Fig. 4 (a) would then suggest that ω H is somewhat bigger than 20meV/ . Second, as mentioned earlier, the onset temperature of the light-induced superconductivity corresponds to a gap 2∆(T = 0) of 30meV/ for the zero-temperature transient superconductor. This gives an upper bound on ω H , which tracks 2∆(T ).
The measured optical conductivity σ(ω) has Higgs modulations built in. In order to make a comparison between theory and experiment, we need to model the optical conductivity of the static superconducting state, σ. We parametrizeσ as a sum of Drude and Lorentzian peaks:σ
The Lorentzians represent the broad mid-infrared absorption peak in K 3 C 60 48 . For simplicity, we assume this peak to be unaffected by the onset of superconductivity, and fix the parameters B n , Ω n , and γ n by fitting to the FIG. 4 : (a) Reflectivity and complex optical conductivity (sample-diamond interface) of K3C60 measured at equilibrium (red solid curves) and at the peak of the pump-probe response (light-blue dots) with pump pulse duration of 1800fs. For non-equilibrium systems we present inferred local quantities at the sample-diamond interface as discussed in Section V and Appendix A. (b) Same quantities, measured with pump pulse duration of 100fs. The shaded area highlights the frequency range where amplification is observed. All data were taken at T =100K and at a fluence of 4.5mJ/cm 2 . The blue solid curves are the the optical conductivity and reflectivity calculated from the theoretical model taking into account Higgs modulations. The corresponding fit parameters are shown in Table I. conductivity of the equilibrium normal state, as discussed in App. C. For the light-induced superconducting phase, we maintain the same values for the Lorentzian peaks, while for the Drude peak we replace γ D → 0 + and allow Λ s , which plays the role of the static superfluid density, to vary.
Given the static conductivityσ, we use the results of Section III to model the Higgs amplification phenomenon. We apply Eq. (20) to compute the complex reflection coefficient r at the signal frequency, in which we take (ω) = s −σ(ω)/(iε 0 ω). By inverting the Fresnel equation, r is then expressed as an effective optical conductivity σ(ω), see Sec. B, allowing us to make a comparison of the full complex response of the system. We find that it is possible to describe the experimental data well by taking ω H = 24 meV/ . Then, for each value of τ , there are only two parameters we allow to change, the superfluid density Λ s and the amplitude of Higgs modulations, Λ m /Λ s . We emphasize that all other parameters in the model are determined in an unbiased manner by comparison with the equilibrium optical properties of the normal state. The blue solid curves in figure 4(a,b) shows the complex optical conductivity and the reflectivity of the superconductor with parameters as chosen in Table I . These results show good agreement with measurements, despite the limited number of fitting parameters used and the simplicity of the model, which does not take into account the full microscopic details of the system. In our fit, we find that the Higgs modulation amplitude increases with decreasing τ , in agreement with the expectation that shorter pulses give rise to more rapid quenches into the superconducting state, and therefore to larger Higgs oscillations. In addition, we find that Λ s is slightly larger than its equilibrium value in the normal state Λ s,eq . This effect is larger for the shorter pulses. Even though the total pump pulse energy is maintained fixed, the shorter pulses have higher peak intensities, and can drive the superconductor more strongly since the pump drives the system nonlinearly. Note that, in order to preserve sum rules, this requires spectral weight to transfer from higher energies and may be an indication that the plasmonic peak must be modified in a complete microscopic description of the phenomenon. The goal of our theoretical analysis was to provide the simplest physical picture of Higgs amplification. Therefore, we limited our discussion to the simplest case, in which the Higgs modulations were assumed to be monochromatic and spatially uniform. In practice, one may expect broadening of the Higgs excitation in frequency, due to its finite lifetime, and in momentum, due to the non-equilibrium character of photoinduced superconductivity. This more comprehensive picture could be obtained by performing frequency and angle resolved measurements. However, these experiments would require more advanced instrumentation, including THz and IR free electron laser radiation. Importantly, this would allow for the separate measurement of both signal and idler amplification. This would provide direct access to the underlying non-linear dynamics of the photoinduced superconducting order parameter.
VI. OUTLOOK
We envision several potentially interesting applications of the Higgs amplification phenomenon. Of particular interest for quantum information is the possibility of generation of entangled photon pairs at THz frequencies, as expected from Eq. (1). Properties of the entangled photons may be controlled by tuning the intensity, duration, and angle of incidence of the pump beam.
The notions introduced above can be generalized to the non-linear dynamics of other kinds of non-equilibrium condensates, including charge and spin density waves, and excitonic condensates.
Systems with several competing orders should exhibit multiple finite energy collective modes, leading to an additional richness of the order parameter dynamics. The interaction between light and strongly excited collective modes opens a new frontier in the study of light-matter interaction in many-body quantum states. In the time-resolved experiments one measures the pump-induced difference in the complex reflected electric field ∆ E r (ω). The "raw" complex reflection coefficient in the photo-excited state r pumped (ω) can then be extracted by inverting the following equation:
where r 0 (ω) is the unperturbed complex reflection coefficient of K 3 C 60 known from broadband FTIR measurement and E 0 r (ω) is the reflected electric field in the unperturbed state. If the pump light penetrates in the sample several times more than the probe light, one can assume that the probe pulse samples a volume in the material that has been homogenously transformed by the pump. In this case it is possible to directly extract the complex valued optical response functions by inverting the Fresnel equations.
The conditions assumed in the previous paragraph are not correct for the experiments presented here, because the penetration depth of the mid-infrared pump (220 nm) is at least three times shorter than that of the THz probe (600-900 nm). Nevertheless, it is instructive to see what results for the optical conductivity would be obtained if the assumption is made.
In the left panel of Fig. 6 , we show raw data for the reflectivity, in equilibrium and after photoexcitation by pulses of three different lengths. In the second and third panels, we show the values of σ 1 (ω) and σ 2 (ω) that one would obtain from the observed reflectivities using the Fresnel equations, assuming optical conductivities independent of distance from the surface.
In contrast, the curves in Fig. 4 were obtained after taking account that the penetration depth of the probe radiation is longer than the that of the pump pulse, using the following approach. As the pump penetrates in the material, its intensity is reduced and it will induce progressively weaker changes in the refractive index of the sample. This is modeled by "slicing" the probed thickness of the material into thin layers where we assume that the pump-induced changes in the refractive index are proportional to the pump intensity in the layer, i.e. n(ω, z) = n 0 (ω) + ∆ n(ω)e −αz where n 0 (ω) is the unperturbed complex refractive index, α is the attenuation coefficient at the pump frequency, and z is the spatial coordinate along the sample thickness.
For each probe frequency ω i , the complex reflection coefficient r(∆ n) of such multilayer stack is calculated with a characteristic matrix approach 49 keeping ∆ n as a free parameter. As equation (A1) relates directly the measured quantity ∆ E r (ω)/ E 0 r (ω) to the changes in reflectivity we can extract ∆ n by minimizing numerically:
Note that ∆ n(ω) represents the pump-induced change in the refractive index at the surface, where the pump has not yet been attenuated by the absorption in the material. By taking n(ω) = n 0 (ω) + ∆ n(ω) one can reconstruct the optical response functions of the material as if it had been homogeneously transformed by the pump. The blue data points in Fig. 4 show the data processed in this manner to obtain the optical properties applicable to the region closest to the surface, where the excitation pulse is strongest. Specifically, panels in the second and third columns show the effective values of σ 1 (ω) and σ 2 (ω) deduced for this region, while the first column shows the reflectivity that would be expected if these values of the optical conductivity were to hold independent of depth. The blue solid curves show values obtained from the theoretical model with Higgs modulation. Comparing Figs. 4 and 6, we see that while the curves differ in detail, the enhanced optical response for the shortest pulse data, seen in both figures, tends to support our theoretical model. In particular, while we do not actually observe amplification in the raw reflected signal, our analysis suggests that amplification would have been observed if the pump pulse were able to penetrate more deeply into the sample. In the theory, we computed the complex reflection amplitude r, using Eq. (20) . To convert this to a conductivity function, we used the Fresnel relation for the reflection amplitude at the interface between two media
For us, the first medium was diamond, which to a good approximation has a frequency-independent dielectric function √ out = 2.37. This relation was inverted,
in order to obtain the complex conductivity using σ(ω) = −iε 0 ω[ (ω) − s ].
FIG. 6:
The left panel shows raw data for the reflectivity (sample-diamond interface), in equilibrium and after photoexcitation by pulses of three different lengths. The second and third panels show the values of σ1(ω) and σ2(ω) that one would obtain from the observed reflectivity via the Fresnel equations, assuming optical conductivities independent of distance from the surface. Note that this neglects that the intensity of the pump pulse decays as a function of distance from the surface of the sample and the probe is sampling an inhomogenously transformed volume.
representing a broad mid-infrared absorption peak 48 .
σ eq (ω) = Λ s,eq γ D − iω + . Orange and green curves -contributions to σ1 arising from the Drude peak and Lorentzian peaks, respectively. The Lorentzian peaks represent a broad mid-infrared absorption peak, which we assume for simplicity not to be affected by the onset of superconductivity.
